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2 [S, Theorem 1, p. 53] . If y £ R, then yR C R and hence y is integral over Z since R is a finitely generated Z-module.
As the Z-rank of R is no larger than 2, the field of fractions of R is an extension of degree no larger than 2 over Q. If R 4 Z, the extension in question must be imaginary as the real numbers contain no discrete subring other than Z.
Next we determine which of these rings are discretely normed by | |. (1) the full ring of integers in Q(yJ-d), d = 1, 2, 3, 7, 11, which are both relatively prime and conjugate (hence \a \ = \b \ = p ).
Thus for any k > 1, a , b will satisfy both (i) and (iii) of Proposition 4.
We must now choose p and k so that (ii) holds and so that a* b. lie in the subring R. Now let N = \mco\ and using quadratic reciprocity choose an integer M^ so that p = 1 mod M^ implies that p splits in Z[ûj] (see [S, pp. 76-80] Let a = a /by If we find an integer r such that \aT ± l| > 1, then
(ii) will be satisfied by a = zzr, b = br.. Since a is not a root of unity (a and b. are relatively prime) and |a| = 1, the numbers a are dense in the unit circle. We can thus choose an r so that ar is sufficiently close to \J-1 to insure that \ar ± 1| > 1 (cf. [C, p. 22] ). This completes the proof of the corollary.
The first 6 rings listed in Theorem 3 are euclidean and hence GErings for all n > 2. We now show that the last ring, Z[y/-3], is also a GEring for n > 2 by generalizing a theorem of Keating [K, Proposition 1.2].
Proposition 6. Let R C S be rings and assume
(1) S OR = R and any one-sided unit of S is a unit, Then R is a GE -ring for ail n y 2.
For M = (a..) £ GLn(R) define cb(M) = min\<p(a..)\a.. 4 0\. The proof will be by induction on n and cb(M): induction on cb(M) will be used for the case n = 2 and for the induction step from n -1 to n.
Let M £ GL (R) and let a, , be such that <p(M) -(b(a,j). Note that any permutation matrix in GL (R) is a product of elementary and diagonal matrices. We can find two permutation matrices P., P £ GL (R) so that Upon multiplying by an invertible diagonal matrix with «in the (n, ?z)-position we reduce to a matrix in GL ,(R). In case n-2, this would be a scalar matrix and we would be n-lv ' ' done.
We now assume that a is not a unit. If there exists an a. , i 4 n, License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 82 R. K. DENNIS For R a commutative ring, SL(zz, R) denotes the group of n x n matrices of determinant 1 and E(n, R) denotes the subgroup generated by the elementary matrices. It is easy to see that R is a GF -ring if and only if SL(rz, R) = E(n, R). Now as A has Krull dimension 1, SL(«, A)/E(n, A) « SKA^A) for all n > 3, and SL(2, A) surjects onto SK^A) [B, p. 241] . Thus the last statement of the proposition is an immediate consequence of the first.
